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Ai~tra'ct--We study the multiplicity distribution of particles produced in hard collisicEm on the 
basis of s giuon quark cascade developing throt~ quark material (background). The process of hard 
collision [I] is assumed to proceed through two stages, in the first stage the collision is assumed to 
result ill a certain lmmhe~r ofquarlm &lid giuol~; each of these qtu~lf.ii and gluolas o produced gmorate 
a cascade through the process of qu~k br~mm,trahinng and 81uon brernrnltrAhlung (ain~le as well 
as double) and gluon AnnihilAtion into quark antlquark pairs, the cross ~,cticam for these processes 
being constants. The particle multiplicity, in the tmual models in vogue is identified with the resulting 
gluon multiplicity. The technique of invarlant-imbedding s treed on the QCD parameter-space and 
this leads to a ~lmin of equations (not necessarily linear in all cases) for the various probability 
generating functions of the multiplicity distribution. We study ~veral models including a class of 
models in which 
(i) the gluon evolution is dominant so that the contribution from cascades genernted by 
quark antiquark pairs is negligible, and 
(ii) the quark antiquark evolution is treated as a background effect. 
In the case of models of the type (i), it is shown by an appropriate use of the limiting procedure 
of Bellman and Harris [2] that the multiplicity obeys a gamma distribution with a scaling property 
chArasteristic of cascade processes. In the case of (il), we show that the limit distribution by itself 
produces a natural sc~lin .~ as the QCD parameter t becomes large. More general models are also 
dealt with and it is shown that the moments do possess the appropriate scaling property. In the end 
a short discussion is provided as KNO scaling and its po~ble violation. 
1. INTRODUCTION 
The object of this contribution is to report some of the recent findings on the multiplicity dis- 
tr ibution of particles produced in high energy collisions particularly at collider energies. Of late 
there is increasing interest on KNO scaling [3] and its possible violations in the range of collider 
energies. Now that  particle multiplicities have been estimated in jets from various sources such 
as ISR, Fermilab and more recently UA experiments, it is necessary to examine this problem in 
depth. A recent survey by Sarcevic [4] sums up the state of  art of the theoretical models that  
have been proposed to explain the multiplicity distribution. Although cascade models may be 
considered very appropriate to explain the formation of jets resulting in observable hadrons, the 
multiplicity distribution of hadrons by itself is indeed very difficult to deal with since hadrons are 
formed essentially by recombination of the partons (see for example [5,6]). Consequently theoret- 
ical models deal with the distribution of partons (gluons) which can be expected to give an idea 
of  the hadrons that  are formed. There is also an added difficulty due to excessive multiplication 
in theoretical models since no cut off in energy can be incorporated in them. The situation, as 
noticed by Feynman [7], is very similar to electron-photon shower theory where infrared divergent 
We are thankful to Professors E.C.G. Sudarshan and J. Pasupati for 8 useful dlsctumlon. 
Typeset by ,AA~q-TEX 
59 
60 S.K. SRINIVASAN, R. VASUDBVAN 
cross-sections do lead to finite mean numbers provided due note is taken of ionization loss by 
electrons. The recombination problem was circumvented by Field and Feyman [8] who allowed 
hadronization tooccur concurrently with energy fractionization. In the Field-Feyman model, the 
central quantity of interest is the number of hadrons produced; thus we need a cascade model that 
is slightly different from the usual QED cascade models. In fact such a modified QED cascade 
was proposed quite sometime back by L~makrislman and Srinivasan [9] to settle some questions 
regarding the fluctuation of electron positron pairs in high energy QED cascades [10,11]. In this 
paper we show how the model based on thermal cavity evolution aturally circumvents he diffi- 
culty due to excessive multiplication by appropriately scaling the random variables representing 
the number of particles (partons), and it turns out that many of the broad features of multiplicity 
distribution can be extracted. The layout of the paper is as follows. In Section 2 we briefly review 
the existing models, particularly due to Carruthers and Shih [12], Sarcevic [4] and Giovannini 
and Van Hove [6], and provide a derivation of the results using branching theory a ia imbedding 
method. Then in Section 3, we deal with a gluon dominated cascade model in which we neglect 
the evolution of quark-anti quark pairs produced by giuous. We then explicitly obtain the scaling 
property as a natural characteristic of super-critical branching processes. In Section 4, we con- 
sider a general cascade model in which quark evolution is allowed to play its role, and further, 
the scaling property is shown to follow as a consequence of the nature of branching. In Section 5, 
the moments are shown to posses the scaling property and explicit expressions regarding scaling 
moments are arrived at. 
2. MODELS BASED ON THERMAL LIGHT CHARACTERISTICS 
We now give an account of the existing models that account for the observed particle mul- 
tiplicity in high energy colliding beams. In hadron collisions that have been analysed in UA 
experiments, there is the target, the projectile and the central region formed in the process; the 
multiple production of particles essentially occurs in the central fireball region. Several models 
had been proposed in the past mainly to explain the scaling law epitomised in the relation 
where Pn is the probability of obtaining n particles; the quantity fi is the average multiplicity and 
• (n/fi) is a function independent of energy in the asymptotic limit of the evolution parameter. 
Feynman [7,8] used the rapidity Y - ½(s/m~) as the evolution parameter. In the cascade models 
or patton branching models, the QCD evolution parameter t is employed where 
6 , ln(Q2/p ~) 
t = 11 - N l  m in (002/p2) ,  
(2.2) 
where No(N/) is the number of colours (fiavours), Q0 is the hadronization energy and Q the 
patton invariant mass. The Feynman scaling as expounded by Koba, Neilson and Oelsen [3] 
implies that Pn is of the form (2.1) where gt is energy independent, which in turn implies that 
the normalized moments Cq = E[n~]/(E[n])~* are energy independent. For energy (V~') in 
the range 10-30 GEV, the scaling law was confirmed while violations have been observed more 
recently in the range 200-900 GEV. 
In the early attempts of fitting the multiplicity data, a negative binomial distribution of the 
form 
with fi and k as free parameters, was employed particularly for the range 10-500 GEV.  The 
parameter k is rather difficult to interpret although it can be related to the number of sources 
responsible for the creation of multichains of gluon-quark cascade. Chou and Yang [13,14] viewed 
*Throughout we shall use the symbol E to denote the mathematical expectation of the quantity within the 
brackets. 
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the scaling as essentially geometrical nd the distribution of the multiplicity as the one arising 
from the superposition of several Poisson distributions, each with a different parameter (that can 
be identified as the impact parameter). Carruthers and Shih [12] (see also Giovannini and Van 
Hove [6]) have dealt with this problem rather extensively and many models have been proposed 
by them. They generally assume that giuons are ejected from clusters and 'clans' which in turn 
form other particles in the process of cascading. The characteristics of QCD are incorporated into 
the model by assuming that hadronic formation is preceded by a QCD cascade in which gluon- 
bremmstrahlung and quark-bremmstrahlung dominate over the relatively unimportant quark- 
antiquark production by gluons, particularly at (high) collider energies (> 30 GEV). Carruthers 
and Shih [12] assumed that the quark background effectively gives rise to clusters. If the number 
of clusters are assumed to be k, then a plausible explanation can be given as to how one can 
expect a negative binomial distribution of the form 
~k-t ( n)  (2.4) 
= = kk e -he  (k  - 1 ) '  = n ' 
especially for large n and 4. The above formula is derived by using the analogy with the be- 
haviour of thermal light and the density matrix formalism for the coherent states corresponding 
to different weight functions. The parameter k then corresponds to the number of oscillators in 
the Glauber-Lax formula. The above analogy had been carried a little further [15] leading to a 
formalism based on the Langevin equation driven by a white noise and consequent Fokker-Planck 
approach. The analogy with thermal field then naturally leads to the distribution Pn, if the Pois- 
son transform technique is used. The population equation that follows is highly suggestive of the 
cascade development. The convenient starting point is the Langevin equation 
d._~ = h ~ - b~ 1+~ + ~ f(t), (2.5) 
dt 
and the steady state characteristics are described by the stationary solution of the corresponding 
Fokker-Planek equation given by 
~(~) "- (constant) ~2h/¢-1 e-(9~be~l¢-¢), (2 .6)  
where ~ is the strength of the white noise force f (t)  defined by 
(f(t)f(t ' ))  = ¢ 6(4 - t'), (2.7) 
when k = 2b/~, 7 = 1 and b = h, (2.6) reduces to the gamma distribution given by (2.4). Biy~- 
jirrm and Suzuki [15] studied the time dependent Fokker-Planek equation and used the Poisson 
transform technique to identify the following evolution equation governing the probability mass 
function of the number of gluons: 
P'(n,t)  = - [,~o f~ (n + k)]p(n,t) + ,~o (h + k) (n + 1)p(n + l,t) 
+ )~o ~ (n - 1 + k) p(n - 1, 4). (2 .8)  
Instead of going ahead with the solution, we interpret he equation in terms of the population 
process of gluons: each gluon has a probability A0 fi, per unit t, of producing an extra gluon, this 
being independent of other gluons of the population: in addition, there is a constant probability 
A0 fi k, per unit t, of an addition of a gluon to the population, this being independent of the size 
of the population. Each gluon, independent ofother gluons has a constant probability A0(fi + k) 
of removal from the population. If we set 
-~ - ,~0 k fi, A = ~0 ~, B = ,~0 (fi + k), (2.9) 
we can identify the evolution of gluons with respect o the parameter t to be that of a population 
subject to birth (binary fission), death and immigration. The parameters A and B denote, 
respectively, the birth and death rate per individual, while .~ denotes the rate of immigration. 
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In the final fit, the parameter fi is made to correspond to the expected (averase) number of 
particles (gluons). This particular choice leads to a nice interpretation of the gluon population 
evolution. The parameter B represents he rate of absorption of gluons and, hence, should be 
proportional to the number of partons, which can be taken to be fi + k, which in turn leads to 
the conclusion that k represents he effective mean number of quarks. The nature of B hereby 
represents he inverse processes which are pcesible. It is interesting to note that the choice (2.9) 
of the parameter, which is of course implied by (2.8), approximates the non-linear nature of the 
gluon population evolution. However, the drawback of the model is clear. The parameter fi and 
k have to be fixed perhaps arbitrarily. Of course, if no such approximation is resorted to, it must 
be conceded that the equation becomes intractable. 
Equation (2.8) admits of an alternative interpretation i terms of branching. Each gluon, 
independent ofother gluons, has a constant probability -4, per unit t, of producing another gluon 
and also has a consant probability B, per unit t, of being absorbed. In addition, there is a Poisson 
source of strength, .4, per unit t, of gluons. Conceptually, there is a point of difference from the 
usual presentation. The parameter B has nothing to do with the QCD cross section for pair 
formation by gluons. Thus, the population evolution corresponds to a branching process, with 
B > .4, and has superposed on it a Poisson source of immigration with rate A = k. 
Since the initial conditions are important, we incorporate hem in the function, itseff, by slightly 
modifying the notation. We define p(n, t) and pl(n, t) by 
p(n, t) = Pr {there are n gluons at t I there is none at t = 0}, (2.10) 
pl(n,t) = Pr {there are n gluons at t I there is one at t = 0}, and (2.11) 
there are no immigrations over [0, t]. 
It is to be specially noted that in the language of population theory, pl(n,t) is the immigration 
taboo probability of obtaining n gluons at t in a cascade generated by a single gluon. In the 
absence of immigration, the population process of gluons forms a branching process [16]. To 
study this evolution, we adopt the imbedding technique over the interval (O, 4 )  of the cascade 
parameter t, the initial gluon 
(i) creates an extra gluon (by the three gluon vertex process), with probability .4 A+O(A),  
(ii) becomes extinct (by the process of quark-antiquark formation), with probability 
Ba+OCa), 
(iii) continues to remain as a gluon, with residual probability 1- (A/% + B A) + 0(4) .  
In the case of (i), the two gluons that result at A become two independent primaries, each 
producing a cascade of gluons over the interval (4, t) of parametric length t - 4. Thus, the 
conditions are sufficient to use the invariant imbedding approach [17] and we consequently have 
p C.,t) = {I - CA + B) a}p C.,t - A) + B  6.o 
+-44 (2.12) 
where 6. 0 is the Kronecker delta symbol. Proceeding to the limit as A --~ 0 we obtain 
p',Cn, t)=-CA+B)p,(n,t)+A E Pt(n*'t)Px(n~'t)+B6"°" (2.13) 
ng+n2----n 
Next we obtain a differential equation for p(n, t); we note that if A is arbitrarily small, a gluon 
is created (spontaneously over the interval (0, A) with probability AA + O(A) and the gluon in 
turn produces an independent cascade. Thus again using the invariant imbedding approach we 
have 
P(n,t) =~A ~ PlCnl,t--~)P(n2,t--A)=l=(1--A/k)P(n,t--A)+ocA) , (2.14) 
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where the second term corresponds to the situation when there is no spontaneous creation of 
gluons. Thus we have 
P'(n,O=-/P(.,O+i ~ p~(nl,t)p(n~,O. (2.15) 
nl~-n2~--n 
In our model, we want the probability corresponding to an arbitrary number no of gluons being 
present initially (at t = 0). It is easy to see that the probability distribution (mass function) of 
gluons in this case can be obtained by taking the n0-fold convolute of Pl (., t) and convoluting the 
resulting function with p(.,t). Since convolutions have to be handled eventually, it is convenient 
to deal with the probability generating functions. Introducing the notation 
gl(x,t) = ~,p l (n , t )z"  = E[z N(O IN(O) = 1,A = 0], 
n 




where N(t) is the random variable representing the number of giuons at t, we find that (2.13) 
and (2.15) reduce to 
gi(z, t) = - (A  + B) gz(z, t) -I- A [gl(z, t)] 2 -t- B, 
g'(=, t) = - i  g(=, t) + ~i g(=, t) gl(=, 0, 
(2.18) 
(2.19) 
with initial conditions 
gz(z, 0) -- x, 
The above equations can be readily solved: 
g(=,O)=l. (2.20) 
(z - 1) 
gl(x, t )  = 1 + (B  - A) [(B - A z) e(R-A) ' + A (z - 1)]' 
_ e(B_A),) 1 -~/A 
g(x , t )= [1 -A(1 -z ) ( I (B_A  ) j 
(2.21) 
(2.22) 
The generating function G(x, t [ no), corresponding to the situation when there are no gluons 
initially, is given by 
G(x, t l no) = g(x,t)[gt (x,t)]  n°. (2.23) 
Now several observations are in order. The general solution specified by (2.23) describes the 
population of photons in a cavity corresponding to a thermal stream (see, for example, [18,19]). It 
should be specially noted that B > A (if we adhere to the identification (2.9)), and consequently 
the r.h.s, of (2.23) has a limit as t tends to infinity, the limit itself being given by 
]~n G(=,t In0) = [1 + A(1 - x)1_2/A 
t--.oo (B  - A )  J " 
(2.24) 
For k = 1, the r.h.s, of (2.24) corresponds to the Bose-Einstein distribution. For the general case 
the index on the r.h.s, is -k .  
3. GLUON DOMINATED CASCADE MODELS 
In Section 2, we considered essentially a gluon multiplication model, in which the parameters 
of the model were chosen to be in conformity with those corresponding to a population of photons 
in a thermal stream. It is worthwhile to study the model in which the population parameters 
.4,A and B do not necessarily satisfy (2.9); in other words, the gluons multiply according to 
a population process with A and B, as respectively birth and death rates per gluon, and, in 
addition, there is a (perennial) Poisson source (due to a single quark) which emits gluons at a 
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constant rate ,4, per unit t. Thus, the thermal nature leading to multiplication is invoked in a 
qualitative way. However, population evolution parameters are chosen in a manner dLCfe~eat from 
that of thermal fight: since the parameters do not satisfy (2.9), we choose A > B in conformity 
with QCD. The entire discussion, starting from the formulation of equations (2.10) and (2.11), up 
to the final solution, given by (2.21)-(2.23), is equally valid. However, the limiting distribution 
does not exist and, in fact, the probability that the number of gluons remains finite, as t ~ co, is 
less than 1, as can be easily verified from the final solution (2.22). Such a situation was recognised 
as early as 1972, by Feynman [7, p. 233], who compares the situation with that of electron-photon 
cascades in cosmic ray showers. In QED cascade, the cascade multiplication comes to a stop when 
the energy gets drastically reduced by ionization loss in the MEV range. The introduction of 
a cut off would render the gluon population finite, with probability one, however, there seems 
to be no way of achieving the same probability mathematically. However, if the numbers are 
appropriately scaled, we can circumvent the problem. We follow this line of approach. 
Let N(t) be the number of giuons corresponding to the parametric value t. From (2.21), it 
follows that, for the gluon initiated, it can be seen that 
E[N(t)] = e (A-B)'. (3.1) 
If we now introduce the scaled variable W(t) where 
w~(t) = N~(t) ~-(a-~),, (3.2) 
then it follows, from the general theory of (super critical) branching processes [2l, that the 
probability distribution of Wi(t) has a limit, as t tends to infinity. 
This result is true, even when the population process is supported by an immigration process. 
Since the scaled variable is not always an integer, it is convenient to introduce the corresponding 
moment generating function (mgf) of W(t) by 
hl(z,t) = E[exp(-zW(t))  IN (0)  = 1 ,~ = 0], 
h(z,t) = E[exp(-zW(t))  l N(O ) : 0]. 
(3.3) 
(3.4) 
The functions hi and h are related to gl and g: 
hiCk,t) = g lC~xp( -~-~' ) , t ) ,  
h(z, t) = g(expC-ze-X~), t), 
(3.5) 
(3.6) 
where A - A - B. We evaluate the limits hi(z) and h(z) of the functions hl(z,t) and h(z,t), 
respectively, as t tends to infinity. After some computations, we obtain 
(3.7) hl(,)  = 1 - {1 + Az lCA - B)}' 
° 
Az ]-A/A (3.8) h(~) = [1 + (A-~B)]  " 
Thus, if initially we have m0 quarks and n0-gluons, then the mgf of the giuons which we denote 
by h(z [ m0, no), is now given by 
h(, Ira0, ,0) = [h(~) ~°] [hi(t)]"0 (3.9) 
Since nothing is known about the initial patton number distribution, we cannot draw any useful 
conclusion about the final gluon distribution from the above equation. As we mentioned earlier, 
energy dependence of m0 and no is handput. For instance, Sarcevic [4] first fits the expected 
(mean) value with the observed mean multiplicity and the procedure more or less determines the 
values m0 and no. Baaed on this fit, Sarcevic draws conclusions about the behaviour of higher 
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moments and on scaling property in general. It is very likely that scaling is preserved and the 
discrepancies arise essentially from small fluctuations of m0 and no. 
Before we end this section we note that (3.9) can be recast in the form 
h(z I too, no) - 1 -I- (A - B)J 1 -t- (A - B)" " 
Thus, if we go by the observations of Sarcevic [4] for collider energies, the parameter Areo lA  
essentially decreases from 3 to 0.9 while no increases from 1.3 to 2. Hence, if we take into account 
the variations of m0 and no due to inherent fluctuations in the first stage of the formation of 
the cascade, we may not be wrong in concluding that scaling may, after all, be preserved for a 
considerable range of energies. 
Thus, this limit leads to a negative binomial character of the distribution and is a natural 
consequence of the branching and scaring. The distribution is very much dependent on fi and 
this has its implications. The Los Alamos group (see [20]) have employed the following choice 
for fi and fitted data from the various sources: 
fi = a + b lns+ d(ln s) 2, 
~=a+~s" ,  
where s is the square of the centre of mass energy and, apparently, either choice gives a good fit 
to the data. However, it should be conceded that energy dependence is a late realization and, 
consequently, is brought out by an arbitrary procedure. 
4. SCALING AND MOMENTS 
In all the models that have been proposed so far, it has been tacitly assumed that hadronization 
takes place as a three stage process. In the first stage, a certain number of partons (gluons and 
quarks) are created as a result of the collision and, in the second stage, these partons multiply 
through a branching process, the branching probability itself depending only on the fraction of 
the energy carried by the offsprings. In the third stage, the giuons and quarks hadronize; it is 
assumed that the hadronization does not alter the main features of the hard process. Of course, 
hadronization is essentially produced through a recombination process and, as such, it is difficult 
to model it directly [5]. Field and Feynman [8] circumvented this by making the hadronization 
process proceed concurrently along with the fractionization process. This had been done more 
explicitly by Sawada [21] and Fukuda and Iso [22]. Since hadrons are observable particles, it 
would be desirable for the model to describe, a little more explicitly, the distribution of the 
number of hadrons produced over the parametric interval (0, t). Thus, a modified version of the 
QED cascade is required, in fact, such a version was proposed by Ramakrishnan and Srinivasan 
[9] to settle some questions regarding the fluctuation in the number of electron positron pairs 
produced in high energy cascades [10,11]. A detailed account of the formalism can be found in 
Bharucha-Reid [23] and Srinivasan [24]. 
In fact, the model, of Field and Feynman, and Fukuda and Iso [22], is just another version of this 
formalism, which is suitably adapted for a QCD cascade. However, we will not go into this aspect 
and calculate, for a general model, the moments of the particles produced in the quark-initiated 
or gluon-initiated shower. We introduce the counting processes, Ni(t) (i = 1, 2), denoting the 
number of quarks and gluons. We assume the cross-section A, B.~, etc., are constants. Without 
energy dependence, the partons produced will increase without limit as t tends to large values. 
We remove this difficulty, by normalising the random variables N by e ~t, where ~ is uniquely 
determined by the order of growth of the expected value. That the resulting process has a 
limiting distribution, follows from the general theory of branching processes [16], as mentioned 
earlier. Here we deal with coupled equations, due to the inclusion of quarks production by 
giuons. Following Srinivasan [25,26], we introduce a set of comprehensive probability generating 
functions, gl and g~, given by 
g i (Z1Z~t)  = E(Z  N' Z N2 I g l (o )  - 2 - i, g2(o)  - i -  1). (4.1) 
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We regain the following coupled equations 
0gl _ _~ gl (1 - g2), (4.2) - 
992 _ -(A + B)g2 + Bg~ + Ag~. (4.3) 
Or-  
Since, actually, the nature of the solutions in general, and the scaling of the moments in particular, 
do not depend on a particular choice of the constants, we choose A = A/2 and solve the above 
equation assuming 2 = p; g2 = P Q. After some computations we have 
with 
( .~)  1/2 Q (4.4) 
gl = and g2 = ~,  
Z2 ) (e -(A+B)I - -  1)Ae A' e A¢ 
R= 7-1  ~---+- ~ +(1-e~')+ TF 
Q=e-mx -1  +1. 
(4.5) 
(4.8) 
Before going to the limit, we obtain the expected value of the partons at t for a shower initiated 
1 aR, d, 
J (4.7) 2 OZ zl=z~=l "&z 
by single gluon quark. 
Quark initiated shower 
1. Expected number of gluons present at t: 
1 dR I (e at - -e -Bt)A 
2 dZ2 IZxffig2=l --  "A.~-'B 
2. Expected number of quarks: 
1 OR [ A e -B' + B e A' 
2 0Z 1 za=Z2=l ---~ A + B 
Glnon initiated shower 
1. Expected number of quarks present at t: 
1 dQ ~ OR 2B (e At - e -m) 
R AZ 
(A e At + B e -m)  
(A + B) 




hi(Z1 Z2 t) = E{(exp( -Z1  W1) ,exp( -Z2 W2),t) I g l (0 )  -- 2 - i, ~2(0)  -- i - 1}. (4.12) 
and introduce the mgf, as in the earlier section, to get 
(4.11) w,(t) = N,(t)e -A', (i = 1,2), 
Next we note that the expected number of any of the partons grows exponentially with t. Thus, 
we can define the scaled processes Wi(t) as 
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These functions, by the general theory of branching, have limits as, t tends to infinity. We denote 
these limits as 
HI(ZI Z2) = [Roo] -I12, (4.13) 
1 
H2(Z1 Z2) = Roo' 
since Q ---* 1 as t tends to infinity, where 
Rc¢= 1 + (2BZI + AZ2) + B. (4.14) 
A 
If initialy we had m0 quarks and no gluons, 
H(Z1 Z2 I mono) = H~°H~ °, (4.15) 
from which we conclude that the members of the population enjoy a gamma distribution. 
The index 1/2 is a consequence of the assumption 2.4 = A and pertubative QCD values indicate 
that ~4/A is of the order 4/9. 
Sarcevic [20] has made a comparison of the moments extracted from the UA 5 experiment and 
these were obtained on the basis of a gluon-dominated cascade model in which quark evolution 
is neglected. The comparison of the quantities (in Sarcevic notation), 
E[Wi] (4.16) 
(~)  ~ ~ = [E(W)]~' 
normalised ith moments, with experimental data may not really lead to worthwhile conclusions 
regarding the discrepancies and relating them to scaling violations. It should be noted m0 and 
no are taken as fixed numbers, while they should be in reality random variables. It may be 
more fruitful to reanalyse the UA 5 data, with a view to determine the fluctuations and energy 
correlations of parton numbers. Before concluding this section, we refer to Figure 1, which 
describes the basic processes taking part in the cascade. 
(i) Three Sluon vertex (ii) Quark antiquark pair production (ill) Quark bremmstrahlung 
Figure 1. Basic processes of the model. 
5. GENERAL CASCADE MODELS WITH SCALING PROPERTY 
Finally, we deM with the general model, in which no relationship between the parameters i
assumed. In this case, no closed form solution for the generating function appears possible. 
Nevertheless, we can obtain explicit expressions for the scaled moments. The processes included 
are those indicated in Figure 1. The generating functions g~(zl, z2, t)( i  - 1, 2) satisfy (4.2) and 
(4.3). To facilitate the passage to the limit, we recast he equations in the integral form: 
m(n,z~,t)=~, e-'i"{m(z,,z~,~-u)g2(n,z2,t-u)}du+ zle -'4t, (5.1) 
g2(z~, .2, ¢) = e-(A+~)"{A [g2(z~, z2, ¢ - .)12 + B [g~(z~, z2, t - u)] 2} du + z2 e-(A+~)t 
(5.2) 
In fact, this is the form in which the equations for branching processes were originally formulated. 
From these equations, we obtain the expected number of quarks and gluonsat , by appropriately 
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differentiating the above equations and solving the resulting set of equations. We have: 
Quark initiated shower 
Expected number of quarks at 
Expected number of gluons at 
Giuon initiated shower 
Expected number of quarks at 
t = ( -p2  ep" + pl e p~t) (5.3) 
(pl - p2) 
t = l (ep , '  - e~,') (5.4) 
(pl - p~) 
t = 2 B (ep*t - ep~t 
(pl - P2) " (5.5) 
Expected number of gluons at 
t = (pl ep,' - w ep~) (5.8) 
(pl "p2)  
The real numbers Pl > 0 and P2 < 0 are the zeros of the quadratic 
~(~) = • (x + B - A) - 2B i .  (5.7) 
From equations (5.3) through (5.7), we infer that the expected numbers for large t are constant 
multiples of e pit. Thus, if we define 
Wi(t) = gict) (Pl - V2) e-p't, (5.8) 
then, from the general theory of branching processes [18], it follows that the process W~ (t), i = 1, 2 
has a limit distribution at t --, oo. To obtain the characteristics of the limit distribution, we 
introduce the mgf hi(i = 1,2) by showing that 
hi(z,,z2,t) = E[exp-(zl  WI + z2 W2) [ NI(O) - 2 - i ,  gu(o) = i -  1]. (5.9) 
Next we observe the connecting relations 
hi(  Zl, z2, z, t)  - gi(e-Z*~, e-~2~,t), (5.10) 
where 
'T = (P l  -- P2) e-P*~ (5.11) 
Denoting the limit of rngf by Hi, we obtain from (5.1) and (5.2) the following integral equations: 
H,(zl, z2, z) = i /oo e-A"{lll (zl ~'", z2 e-P'") + ll~(z, e-P'", z2 e-P 'U)}  du, (5.12) 
H2(zl,z2,z) = e -(A+B)" {AH~ + B H~}du, (5.13) 
where the arguments of H2 and H1 in the integral of the r.h.s, of (5.13) are 
Z 1 e -p-u,  Z 2 e -p*u. 
We can obtain the moments of the limit distribution of Wi by appropriately differentiating 
both sides of (5.12) and (5.13); the resulting equations will yield non-trivial equations for the 
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higher moments (n > I). The first moments have to be extracted from (5.3) through (5.7). We 
introduce the following notation: (i = 1,2,..., n... ; j = 1, 2) 
P/' -- E{[W1] i I NI(0) - 2 - j, N2(0) - j - 1)}, (5.14) 
= E{[W]  ~ I N~(0) = 2 - j, #~(0) = j - 1)}. (5.15) 
By performing the differentiation and doing some elementary manipulations, we can cast our 
results in an elegant form 
b~ fi E t . -k  
t=1 , (5.16) 
Mn -- '~(n pl'"~ 2B n pl ' 
and ~(npl)  can be easily reduced to the form 
• (np l )  = np l  (Pl - 2p2) - 4B.4,  (5.18) 
using the fact that Pl is a zero of the the quadratic form 
~(X) = X IX + B - A] - 2B.4, (5.7) 
given earlier. 
The C-~,~ 'salso satisfy equations like (5.16); the distinctions of moments between different types 
of particles arise from their first moments. We give below the values of the normalised second 
moments and some connecting relations. 
Quark initiated shower 
b~ x d 
(bl) ~ = ~ = 1+ 
2 (Ap l  - -4p2) (5.19) 
(~Pl - P2) 
Gluon initiated shower 
bl cl 4(Ap1 - ~V2) 
(b~)~ = ~ = pl(2pl-p2) 
(5.20) 
From the above we arrive at 
(bT) 2 = 1+~ (~ × = d /  
1 b] c~ (5.21) 
-1+2 (b~) 2c~" 
It is interesting to note that the normalised moments are the same, irrespective of the particles, 
and depend only on the primary. We have found, by further computation, that the equality 
holds good for higher moments and correlations also. Equation (5.2) can perhaps be checked 
experimentally, however, in so doing, some specific assumptions may have to be made on the 
distribution of the initial number of partons. 
When we have m0 quarks and no gluons initially, we note that the corresponding mgf is given 
by 
H(z l ,  z2, z I m0, n0) = [ /h(zx,  z2, z)] m" [//2(z=, z~, z)] "°. (5.22) 
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For a detailed analysis of the experimental data, (5.26) must be used along with some assumptions 
about the distribution of (m0, no). 
In the analysis presented above, we have not included the full contribution to the gluon cascade 
arising from the four-gluon vertex. To do this, we need to add terms like C(g2) s - Cg2 in 
Eqation (4.3). This will induce the additional term C(H~) a in the integral of (5.13). Subsequent 
analysis works exactly along similar lines. 
The contribution arising from the four-gluon vertex process was studied by Durand and Sarce- 
vic [27], however, their solution was based on the forward differential equation and, consequently, 
they had to leave an arbitrary function undetermined. 
6. SUMMARY AND CONCLUSIONS 
We have considered a branching model of quark-gluon multiplication, using constant probabil- 
ities for the gluon vertex process as well as quark bremmstrahlung. The process of hard collision 
is assumed to go through two stages. In the first stage, the collision is assumed to result in a 
certain number of quarks and gluons. Each of the quarks and gluons, so produced, generate a
cascade through the process of quark brernmstrahlung, gluon bremmstrahlung (single as well as 
double) and gluon annihilation into quark anti-quark pairs, the cross section for these processes 
being constants. Then finally, the quarks and gluons combine appropriately to form hadrons. In 
most of the models tudied so far, inferences are made from observation of the gluon multiplicity 
distribution. In the Field-Feynman model, hadronization and energy fractionization are assumed 
to occur concurrently. By confining their attention to the spectra of hadrons, Sawada, and also 
Fukuda and Iso, had no difficulty in estimating the expected number of hadrons. Higher moments 
will be difficult to deal with, in any model that includes recombination. Hence, in the study of 
other types of models, guesses and assumptions are made. We have considered several models 
and find the moments do obey the natural scaling property. 
Finally, we turn to the question of whether KNO scaling holds good. To answer this question, 
it is necessary to make some assumptions on the number of quarks and gluons produced in Stage 1 
of the process of hard collision. This is done rather indirectly (see for example Sarcevic [4]) as 
follows. The mean number of particles (hadrons) from the UA 5 data is fitted by a choice of 
-- .4ra0/A and no. Actually, a plausible dependence on V/s is chosen. 
With this fit, theoretical predictions are made for higher moments. The analysis and con- 
clusions at the end of Section 4 very much depend on this procedure. As we have observed in 
Section 4, m0 and no are not fixed numbers but themselves random variables. In a general set- 
ting, each represents a stochastic process with energy as the parameter. Moreover, the moments 
are functions of m0 and no, as is evident from (4.14) or (3.9), and the procedure of fitting the 
parameters determines only the expected (mean) values of m0 and no. Hence, it is necessary 
to get some idea of the fluctuation of the initial multiplicities. Unless the fluctuations are de- 
termined, we cannot make a quantitative statement on the higher moments of the multiplicity 
distribution. It is worthwhile to investigate the possibility of measuring the energy correlation of 
the multiplicity. 
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